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Integrable magnetic geodesic flows on Lie groups
Alexey A. Magazev, Igor V. Shirokov, Yuriy Y. Yurevich
Abstract
Right-invariant geodesic flows on manifolds of Lie groups associated with 2-cocycles
of corresponding Lie algebras are discussed. Algebra of integrals of motion for mag-
netic geodesic flows is considered and necessary and sufficient condition of integrability in
quadratures is formulated. Canonic forms for 2-cocycles of all 4-dimensional Lie algebras
are given and integrable cases among them are separated.
1 Introduction
The integration of geodesic flows on Riemannian and pseudo-Riemannian manifolds is a branch
of modern mathematics and mechanics with a long history. Although many important and
fundamental facts in this field were obtained in the classic works of the last century, this
direction is still topical and is being developed currently. Indeed, the increased interest in this
field by experts is indicated by the relatively large number of papers appearing recently (see,
e.g., [1] and the references therein). New examples of integrable geodesic flows and the classes
of manifolds or metrics admitting such flows are especially interesting.
In addition to classical geodesic flows describing the motion of a free particle in a Riemannian
(pseudo-Riemannian) space, there is an increased interest in the so-called magnetic geodesic
flows, which can be treated as the equations of motion of a particle on a Riemannian (pseudo-
Riemannian) manifold in the presence of an external magnetic (electromagnetic) field. In this
connection, we note two main approaches used to describe geodesic motion in an external field.
In the first approach, which is mainly adopted in theoretical physics, the electromagnetic field
is described by a vector potential, which is a 1-form A on the manifold such that its exterior
differential is the Faraday tensor of the electromagnetic field, F = dA. In this case, the equations
of geodesic motion are modified by introducing new momenta Pi related to the old momenta
as Pi = pi + eAi. In the second approach, which is more geometric and hence certainly more
elegant, the electromagnetic field on a manifold M is ”turned on” via a deformation of the
canonical Poisson bracket or, equivalently, via a deformation of the natural symplectic form ω
of the cotangent bundle T ∗M , ω → ω + e π∗F, where F is a closed 2-form on M and π is the
natural projection T ∗M → M [2]. Obviously, the second approach is more general, although
the Poincare lemma implies that the two approaches are equivalent locally.
In this paper, we consider the problem of integrating magnetic geodesic flows on Lie group
manifolds with right-invariant pseudo-Riemannian metrics. Although we investigate a special
case of homogeneous spaces (Lie groups), the class of integrable magnetic geodesic flows on
them turns out to be quite wide. In this paper, we consider arbitrary closed right-invariant
2-forms on Lie groups associated with the corresponding spaces of 2-cocycles of Lie algebras.
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A particular case of the proposed theory is given by magnetic geodesic flows associated with
trivial 2-cocycles, whose restrictions to the coadjoint orbits are given by the well-known Kirillov
forms. Up to now, most works on this subject were focused on these cases (see, e.g., [3], [4], [5]),
but nontrivial cocycles are in fact much more interesting from the standpoint of integration.
In particular, as we show in what follows, for an arbitrary algebra and some 2-cocycle on
it, there exists a so-called cohomology index that generalizes the notion of the standard Lie
algebra index and allows formulating a criterion for the integrability of magnetic geodesic flows
in quadratures. Based on this criterion, we select all integrable cases among four-dimensional
Lie groups and also give the canonical forms of the corresponding 2-cocycles.
2 Magnetic geodesic flow on Lie groups with right-inva-
riant metrics
Let G be a connected real Lie group with the Lie algebra g. We let ρL denote the left regular
representation of g acting on functions in C∞(G). Because generators of the left regular repre-
sentation of G are right-invariant vector fields, the action of an operator in the representation
ρL can be written as
ρL(X)ϕ(g) = ηX(ϕ), ϕ ∈ C
∞(G),
where ηX ≡ −(Rg)∗X is the right-invariant vector field in the direction of X ∈ g.
We let C2(g;C∞(G)) denote the linear space of 2-cochains over the module C∞(G), i.e.,
the space of bilinear skew-symmetric functions on the Lie algebra g with values in C∞(G). An
arbitrary 2-cochain F ∈ C2(g;C∞(G)) bijectively corresponds to a dfferential 2-form F ∈ Ω2(G)
on G acting on arbitrary tangent vectors ζ1, ζ2 ∈ TgG in accordance with the formula
F(ζ1, ζ2) = F((Rg−1)∗ ζ1, (Rg−1)∗ ζ2). (1)
We consider a closed form F such that dF = 0. In this case, the corresponding 2-cochain F
satisfies the condition ∑
XY Z 	
ηX F(Y, Z) + F(X, [Y, Z]) = 0, (2)
where the summation ranges all cyclic permutations of arbitrary vectors X, Y, Z ∈ g. The
obtained condition can be written more compactly in terms of the coboundary operator δ :
Ck(g;C∞(G)) → Ck+1(g;C∞(G)) such that δ2 = 0 [6]. Indeed, it can be shown that equality
(2) is equivalent to the condition δF = 0, whereby the 2-cochain F is a so-called 2-cocycle. The
set of all 2-cocycles over the module C∞(G) is a subspace in C2(g;C∞(G)) and is denoted by
Z2(g;C∞(G)). We consider only closed 2-forms in what follows.
We fix a basis {ea} in the Lie algebra g and the corresponding dual basis {e
a} in the dual
space g∗: 〈ea, eb〉 = δ
a
b , a, b = 1, . . . , dim g. In the chosen basis, the 2-cocycle F is written as
F =
1
2
Fab(g) e
a ∧ eb, Fab(g) ≡ F(ea, eb), g ∈ G,
and cocycle condition (2) as ∑
a,b,c	
ηaFbc + C
d
ab Fcd = 0, (3)
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where ηa = −(Rg)∗ ea are basis right-invariant vector fields on G and the C
c
ab = −C
c
ba are the
structure constants of the Lie algebra in the chosen basis. Let {gi} be the local coordinates of
an element g ∈ G. Then the components of the 2-form F corresponding to the 2-cocycle F are
given by
Fij(g) = Fab(g) σ
a
i (g) σ
b
j(g), (4)
where σai (g) are components of the basis right-invariant 1-form σ
a = −(Rg)
∗ea.
On the algebra g, we consider a nondegenerate quadratic form G that defines a pseudo-
Riemannian metric on the group G at unity. Acting with right shifts on the form G, we obtain
the right-invariant metric on the group at an arbitrary point g ∈ G:
g(ζ1, ζ2) = G((Rg−1)∗ ζ1, (Rg−1)∗ ζ2), ζ1, ζ2 ∈ Tg G. (5)
The components of the right-invariant metric in terms of coordinates can be easily written in
terms of the basis right-invariant 1-forms:
gij(g) = Gab σ
a
i (g) σ
b
j(g),
where Gab ≡ G(ea, eb) are the components of the form G in the chosen basis. In what follows,
we choose the metric on the Lie group manifold G as the right-invariant metric of form (5)
(this metric is pseudo-Riemannian in general).
On the cotangent bundle T ∗G, there exists the natural symplectic structure
ω = dpi ∧ dg
i, (6)
which endows T ∗G with the structure of a symplectic manifold. We introduce a deformation of
the symplectic form ω corresponding to turning on the external electromagnetic field described
by closed 2-form (4):
ω → ωe = ω + e π
∗F. (7)
Here, π is the natural projection T ∗G → G, and e ∈ R is a real parameter (charge). The
form ωe is closed by virtue of the condition dF = 0, and it therefore defines a new symplectic
structure in T ∗G. We assign an arbitrary function ϕ ∈ C∞(T ∗G) the vector field ∇ϕ such that
dϕ(ζ) = ωe(ζ,∇ϕ), ζ ∈ T(g,p)(T
∗G).
In the space of functions C∞(T ∗G), we consider the Poisson bracket determined by the structure
ωe as
{ϕ, ψ} = −ωe(∇ϕ,∇ψ). (8)
In local coordinates, the basis brackets corresponding to (8) are
{gi, gj} = 0, {pi, g
j} = δji , {pi, pj} = eFij(g). (9)
As is easily seen, these are deformations of the corresponding basis brackets for the standard
canonical Poisson bracket corresponding to the standard form ω.
We consider the function (a Hamiltonian)
H(g, p) =
1
2
|p| 2 =
1
2
gij(g) pi pj, p ∈ T
∗G, (10)
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on the cotangent bundle T ∗G. The Hamiltonian system with Hamiltonian (10) defined on the
symplectic manifold (T ∗G, ωe) is called the magnetic geodesic flow on the Lie group associated
with the form F. It is written in local coordinates as
g˙i =
∂H(g, p)
∂pi
, p˙i = −
∂H(g, p)
∂gi
− e Fij(g)
∂H(g, p)
∂pj
. (11)
3 Vector potential of the right-invariant electromagnetic
field tensor
In the general case, the deformation of a symplectic structure corresponding to turning on an
external electromagnetic field can essentially change the algebra of the integrals of motion of the
original geodesic flow. Clearly, analyzing the general situation is a rather complicated problem
because the integrability of the original flow is lost in the majority of cases. We therefore
restrict ourself here to the situation where turning on the field preserves the number of the
original symmetries in the problem.
The action of a Lie group G on itself by right shifts induces the corresponding group action
on the cotangent bundle G : T ∗G → T ∗G; this action preserves natural symplectic structure
(6). But in terms of the form ωe, which is the result of deforming the standard form ω, the
action of G is no longer symplectic in general. We consider a right-invariant 2-form F, i.e.,
(Rg)
∗ F = F. It is easy to show that the corresponding 2-cocycle must then be invariant under
the right regular representation,
TRg F(·, ·) = F(·, ·), g ∈ G, (12)
and must therefore be entirely determined by its value at the unity of the group. The set of
all 2-cocycles satisfying condition (12) constitutes a subspace in Z2(g;C∞(G)) isomorphic to
the space Z2(g;R) of all 2-cocycles over the trivial module R. In this case, the components of
the 2-cocycle F are constant functions, which allows considerably simplifying cocycle condition
(3): ∑
abc	
CdabFcd = 0. (13)
Equation (13) is a homogeneous linear algebraic equation for the components of the 2-
cocycle F. A solution of this equation is the so-called trivial 2-cocycle, given by Fλ = δλ,
where λ ∈ g∗. Such 2-cocycles span the subspace B2(g;R) ⊂ Z2(g;R) of 2-coboundaries of g.
Trivial 2-cocycles are the best studied examples of forms describing an electromagnetic field on
Riemannian G-spaces [4], [5] and are a rather trivial case from the standpoint of integrability.
Indeed, as we see in what follows, the algebra of the integrals of motion of the magnetic geodesic
flow corresponding to a trivial 2-cocycle is actually isomorphic to the algebra of the integrals g
of the original geodesic flow in the absence of the field.
We address the following question. What is the vector potential A corresponding to the
electromagnetic field tensor F = dA? In the language of cochains, answering this question
amounts to finding a 1-cochain A ∈ C1(g;C∞) such that δA = F or, in more detail,
ηXA(Y )− ηYA(X)−A([X, Y ]) = F(X, Y ), X, Y ∈ g. (14)
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Let F = δλ be a trivial 2-cocycle. It is obvious that in this case, the general solution of
Eq. (14) is given by A = −λ + δϕ, where ϕ is an arbitrary function belonging to C∞(G) (a
0-cochain), and δϕ(X) ≡ ηX(ϕ). In what follows, we assume that the 2-cocycle F is nontrivial
in general.
We consider the space g˜ = g⊕ t, where dim t = 1 and t is the one-dimensional center of g˜.
Let Z be a nonvanishing element from t. The commutation operation in the algebra g˜ can be
written using the cocycle F as
[X, Y ]F = [X, Y ] + F(X, Y )Z, X, Y ∈ g. (15)
Let G˜ be the connected Lie group with the Lie algebra g˜; G˜ is the central extension of G with
a closed one-dimensional center T . We consider the functional space
Ind∞
R
(G˜) = {ϕ ∈ C∞(G˜) |ϕ(t−1g) = U(t)ϕ(t), t ∈ T, g ∈ G˜}, (16)
where U(t) is a one-dimensional continuous representation of the group T in R. Definition (16)
can also be written in the infinitesimal form
Ind∞
R
(G˜) = {ϕ ∈ C∞(G˜) | η˜Z ϕ = U∗(Z)ϕ} (17)
where η˜Z denotes the right-invariant vector field on G˜ in the direction of the vector Z ∈ t.
We note that Ind∞
R
(G˜) can also be interpreted as the space of smooth sections of the vector
G˜-bundle with the base G and fiber R.
Statement 1. The general solution of Eq. (14) is given by
A(X) = U−1η˜XU
∣∣
G
+ δϕ(X), (18)
where η˜X is the right-invariant vector field on the group G˜ in the direction of X ∈ g and ϕ is
an arbitrary function belonging to C∞(G).
Proof. Because δϕ is the general solution of the corresponding homogeneous equation δA = 0,
we must in fact show that the function U−1η˜XU
∣∣
G
is a particular solution of Eq. (14). We set
A′(X) ≡ U−1η˜XU
∣∣
G
and first verify that this function is well-defined on G. Indeed, because
the space Ind∞
R
(G˜) is invariant under the left regular representation of G˜, the action of an
arbitrary right-invariant vector field η˜X on a function U(t), where X ∈ g, agrees with definition
(16), and hence
η˜XU = U
(
U−1η˜XU
)
, (19)
where U−1η˜XU is a function independent of the point in the fiber T , i.e., a function constant
on each coset G ≃ G˜/T .
We next consider the following operator identity reflecting the commutation relations of the
Lie algebra gR(G˜) of right-invariant vector fields on the group G˜:
η˜X η˜Y − η˜Y η˜X = η˜[X,Y ] + F(X, Y ) η˜Z , X, Y ∈ g, Z ∈ t. (20)
We act on the function U(t), t ∈ T , with each side of this identity. Using (19) and multiplying
by U−1 from the left, we then obtain
η˜X
(
U−1η˜Y U
)
− η˜Y
(
U−1η˜XU
)
= U−1η˜[X,Y ]U + F(X, Y ). (21)
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Projecting (21) on G ≃ G˜/T and noting that η˜X
∣∣
G
= ηX , we finally obtain the equality
ηXA
′(Y )− ηYA
′(X) = A′([X, Y ]) + F(X, Y ),
where A′(X) ≡ U−1ηXU
∣∣
G
; this equality holds identically for any X, Y ∈ g.
In the formulation of the statement just proved, we gave an explicit construction of a 1-
cocycle A whose associated dierential form A is the vector potential of right-invariant Faraday
tensor (4). But we note the following. Because we do not consider global issues, such as
those related to topological characteristics of the group manifold G, in this paper, formula
(18) is only a local construction. Studying global properties of the 1-form A requires a separate
investigation, amounting to the study of the second cohomology group H2(G) ≃ H2(g;C∞(G)).
To conclude this section, we give explicit formulas for the components of the cochain A
and the corresponding vector potential A. For this, we represent an arbitrary element of G˜ as
g˜ = s(g)t, where t ∈ T , g ∈ G and s is a smooth local section s : G → G˜ of the principal
bundle (G˜, G, π, T ), π ◦ s = id. Let {g0} be local coordinates in the fiber T and {gi} be the
coordinates of an element g of G. In these coordinates, right-invariant vector fields on G have
the form
η˜0(g) = −
∂
∂g0
, η˜a(g) = η
i
a(g)
∂
∂gi
+ η˜ 0a (g)
∂
∂g0
. (22)
Choosing a representation of T as U(t) = e−t and using formulas (18) and (22), we finally
obtain
Aa(g) = −η˜
0
a (g) + ηa ϕ, Ai(g) = −η˜
0
a (g) σ
a
i (g) +
∂ϕ
∂gi
. (23)
4 The algebra of the integrals of motion of a magnetic
geodesic flow
The functions in C∞(T ∗G) that are invariant under Hamiltonian flow (11) are called integrals
of motion of the magnetic geodesic flow. Obviously, such is any function I(g, p) that commutes
with the Hamiltonian,
I˙ = {I,H} = 0.
We now investigate the algebra of the integrals of motion of the magnetic geodesic flow on
a group G. It is known that the integrals of motion of the geodesic flow with an arbitrary
right-invariant metric in the absence of a field are the left-invariant functions of the form
ξX(g, p) ≡ p(ξX) = X
aξia(g) pi,
where ξX = (Lg)∗X is a left-invariant vector field on G in the direction of X ∈ g. Hence,
the algebra of the integrals of motion of the geodesic flow with right-invariant metric (5) is
isomorphic to the Lie algebra g of G. But the picture changes somewhat when the external
field given by the right-invariant form (1) is turned on. It is easily seen that the left-invariant
functions ξX(g, p) in this case are no longer integrals of motions of magnetic flow (11). Indeed,
a function ξ(g, p) ∈ C∞(T ∗G) is an integral of motion of the geodesic flow with an arbitrary
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right-invariant metric if and only if it commutes with an arbitrary right-invariant function
ηX(g, p) ≡ p(ηX). But
{ηX(g, p), ξY (g, p)} = eF(ηX , ξY ),
which is nonzero in general. In other words, the group action on the symplectic manifold T ∗G
with the form ωe is not Hamiltonian.
We consider the deformation of a left-invariant function a 1-cochain f ∈ C1(g, C∞(G)):
ξX(g, p) → ξ
(e)
X (g, p) ≡ ξX(g, p) + e f(X), X ∈ g.
It is easy to show that the necessary and sufficient condition for the functions ξ
(e)
X (g, p) to be
integrals of motion of magnetic geodesic flow (11) is that the equality
ηXf(Y ) + F (ηX , ξY ) = 0, (24)
be satisfied (this is a first-order dierential equation for the function f(Y )). We let ξ˜Y denote
the left-invariant vector field on the central extension G˜ of G in the direction of Y ∈ g and
U(t) denote the one-dimensional representation of T in R. We then have the following fact.
Statement 2. There exists a 1-cochain f ∈ C1(g, C∞(G)) that is a solution of Eq. (24) and
has the form
f(Y ) = U−1
(
ξ˜Y + η˜AdgY
)
U
∣∣
G
. (25)
Proof. That the function f(Y ) is well defined is easily proved similarly to how this was done
in the proof of Statement 1. It therefore remains to verify that f(Y ) satisfies Eq. (24) for an
arbitrary Y ∈ g.
Because left- and right-invariant vector fields commute on any Lie group, we have the
operator identity
η˜X ξ˜Y − ξ˜Y η˜X = 0, (26)
which holds for arbitrary X, Y ∈ g. Using it, we can verify the equality
η˜X
(
U−1ξ˜YU
)
= ξ˜Y
(
U−1η˜XU
)
,
or, after projecting on G, the equality
ηX
(
U−1ξ˜YU
∣∣
G
)
= (ξYA
′) (X). (27)
As in the preceding section, we here use the notation A′(X) = U−1ηXU
∣∣
G
.
We consider the action of the right-invariant vector field ηX on function (25). With (27),
we then have
ηXf(Y ) = ηX
(
U−1ξ˜YU
∣∣
G
+A′(AdgY )
)
= (ξYA
′) (X) + ηX (A
′(AdgY )) =
= −
(
ηAdgYA
′
)
(X) + (ηXA
′) (AdgY )−A
′([X,AdgY ]) = δA
′(X,AdgY ).
In this chain of relations, we use the fact that ηX(AdgY ) = −[X,AdgY ], g ∈ G, and also
ηAdgX = −ξX . To finish the proof, it remains to note that δA
′ = F, whence
ηXf(Y ) = δA
′(X,AdgY ) = F(X,AdgY ) = −F(ηX , ξY ), X, Y ∈ g.
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It is useful to write explicit expressions for the components of 1-cochains f in local coordi-
nates. For this, we note that in terms of the coordinates g0, {gi}, left-invariant vector fields on
G˜ are written as
ξ˜0(g) =
∂
∂g0
, ξ˜a(g) = ξ
i
a(g)
∂
∂gi
+ ξ˜ 0a (g)
∂
∂g0
,
whence using (23), we obtain a local formula for (25):
fa(g) = −ξ˜
0
a (g)− (Adg)
b
a
η˜ 0b (g). (28)
We now derive the commutation relations for the algebra of the integrals of motion ξ
(e)
X (g, p)
of the magnetic geodesic flow. For this, we write the commutator of two arbitrary integrals of
motion:
{ξ
(e)
X (g, p), ξ
(e)
Y (g, p)} = ξ[X,Y ](g, p) + e (F(ξX , ξY ) + ξXf(Y )− ξY f(X)) . (29)
The Jacobi identity for the Poisson bracket implies that the right-hand side of (29) is again a
function of the integrals of motion of the magnetic flow. Indeed, in the Lie algebra gL(G˜), we
write the commutation relations of left-invariant vector fields on G˜:
[ξ˜X , ξ˜Y ] = ξ˜[X,Y ] + F(X, Y ) ξ˜0. (30)
Acting on a function U(t) in the representation with both sides and making transformations
similar to those used in the proof of Statement 1, we obtain
ξX
(
U−1ξ˜YU
∣∣
G
)
− ξY
(
U−1ξ˜XU
∣∣
G
)
= U−1ξ˜[X,Y ]U
∣∣
G
− F(X, Y ). (31)
Next, setting A′(X) = U−1ηXU
∣∣
G
, we have the chain of relations
ξXA
′(AdgY )− ξYA
′(AdgX) =
= −ηAdgXA
′(AdgY ) +A
′([AdgX,AdgY ]) + ηAdgYA
′(AdgX)−A
′([AdgY,AdgX ]) =
= F(AdgX,AdgY ) +A
′(Adg[X, Y ]). (32)
Using (31) and (32) and recalling that F(ξX , ξY ) = F(AdgX,AdgY ), we can transform (29) to
the final form
{ξ
(e)
X (g, p), ξ
(e)
Y (g, p)} = ξ
(e)
[X,Y ](g, p)− eF(X, Y ). (33)
The obtained expression is just the sought commutation relations in the algebra of the integrals
of motion of magnetic geodesic flow (11). Comparing (33) with relations (30), it is easy to see
that this algebra is isomorphic to the Lie algebra g˜ of the group G˜.
As a special case, it is interesting to consider the situation where the 2-cocycle F is trivial,
i.e., F = δλ with λ ∈ g∗. Commutation relations (33) then become
{ξ
(e)
X (g, p), ξ
(e)
Y (g, p)} = ξ
(e)
[X,Y ](g, p)− e 〈λ, [X, Y ]〉. (34)
We make the shift ξ
(e)
X → ξ˜
(e)
X ≡ ξ
(e)
X − e 〈λ,X〉 by an additive constant, thus redefining the
function ξ
(e)
X , and rewrite (34) in the new notation:
{ξ˜
(e)
X (g, p), ξ˜
(e)
Y (g, p)} = ξ˜
(e)
[X,Y ](g, p).
In this case, the Lie algebra g˜ is said to be a split extension of the Lie algebra g, and the
corresponding section r : g → g˜ such that r(X) = X−e 〈λ,X〉 defines an algebra isomorphism
r(g˜) ≃ g [6].
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5 Integrability of the magnetic geodesic flow in quadra-
tures
For a magnetic geodesic flow with a right-invariant metric and electromagnetic field tensor (4),
we investigated the existence of the corresponding algebra of the integrals of motion that would
be isomorphic to the algebra g˜ in the general case in the preceding section. In this section, we
give a criterion for the integrability of such systems in quadratures. We note that the material
in this section essentially relies on the results in [7].
On the group G˜, we choose a right-invariant quadratic form B acting on cotangent vectors
τ1, τ2 ∈ T
∗
g G˜, g ∈ G˜, as
B(τ1, τ2) = (π
∗G−1)((Rg−1)
∗τ1, (Rg−1)
∗τ2). (35)
Using the natural symplectic structure on the cotangent bundle T ∗G˜,
ω˜ = dpi ∧ dg
i + dp0 ∧ dg
0,
we associate the function H˜(g, p) = B(p, p)/2 with form (35). Because Eq. (35) is independent
of the point in the fiber T ≃ G˜/G, the variable g0 is cyclic for the Hamiltonian system associated
with the Hamiltonian H˜(g, p). We fix the value of the corresponding integral of motion p0 = −e.
This Hamiltonian system then naturally decomposes into the two subsystems
g˙0 =
∂H˜(g, p)
∂p0
, p0 = −e, (36)
g˙i =
∂H˜(g, p)
∂pi
, p˙i = −
∂H˜(g, p)
∂gi
. (37)
In subsystem (37), we change the variables as pi → pi + eAi, where Ai is the vector potential
of the right-invariant Faraday tensor Fij. It can be easily shown that after this transformation,
subsystem (37) takes the form of a magnetic geodesic flow on G, which is entirely equivalent to
system (11). Hence, the magnetic geodesic flow equations on the group G with respect to right-
invariant metric (5) are a part of Hamiltonian system (36) and (37) on the central extension
G˜. Therefore, the question regarding the integrability of geodesic flow (11) entirely reduces to
the question of the integrability of Eqs. (36) and (37).
Statement 3. An arbitrary right-invariant magnetic geodesic flow (11) on a group G is inte-
grable in quadratures if and only if the right-invariant Hamiltonian system in Eq. (37) on the
central extension G˜ of G is integrable in quadratures.
A constructive algorithm for integrating G-invariant Hamiltonian flows on homogeneous
spaces in quadratures was proposed in [7]; the corresponding necessary and sufficient conditions
for the integrability were also derived there. An arbitrary Lie group G can be considered a
homogeneous space (for example, with respect to the right shifts Rg : G → G) with a trivial
stationary group H = {e}. We therefore use the results in [7] and here formulate only the key
points that allow stating the corresponding criterion for magnetic geodesic flows.
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For an arbitrary group G, its Hamiltonian action on the cotangent bundle T ∗G with the
natural symplectic structure ω = dp∧dx allows introducing the left moment mapML : T ∗G →
g∗, which is given by the relations
ML(X) = ξX(g, p), M
L
a = X
aξa(g, p), X ∈ g. (38)
The map in (38) is a Poisson map of the algebra C∞(T ∗G) to the algebra C∞(g∗) with the
Poisson-Lie bracket
{ϕ, ψ}Lie = 〈f, [dϕ(f), dψ(f)]〉 (39)
where ϕ, ψ ∈ C∞(g∗) and f ∈ g∗. Because bracket (39) is degenerate, the space C∞(g∗) may
contain Casimir functions K(f) that commute with any function on g∗ , i.e., functions such
that
{K,ϕ}Lie = 0 for all ϕ ∈ C∞(g∗).
We note that the number ind g of independent Casimir functions is called the index of g and is
invariantly defined as the dimension of the annihilator gλ of a covector in the general position:
ind g ≡ min
λ∈g∗
dim gλ, gλ = {X ∈ g | 〈λ, [X, g]〉 = 0}.
The equivariance property of the moment map in (38) allows assigning each Casimir function
K(f) ∈ C∞(g∗) a function KL(g, p) ≡ K ◦ML in C∞(T ∗G) that commutes with an arbitrary
left-invariant function on T ∗G. It is easy to see that all the functions KL(g, p) are in the center
of the enveloping algebra U(g) and are integrals of motion of the right-invariant Hamiltonian
flow on G. Similarly to map (38), we can introduce the right moment map MR : T ∗G → g∗ as
MR(X) = ηX(g, p), M
R
a = X
aηia(g)pi, X ∈ g, M
R ∈ g∗. (40)
We let ΩL ⊂ g∗ and ΩR ⊂ g∗ denote the symplectic leaves with respect to the left and right
maps. The Casimir functions KR(g, p) ≡ K ◦MR are equal to the functions KL(g, p), and
the centers of the Poisson algebras of left- and right-invariant functions in C∞(T ∗G) therefore
coincide. This implies that ΩR = ΩL ≡ Ω.
The Hamiltonian of a right-invariant flow on the group G is a quadratic combination of
right-invariant functions H = H(η(g, p)). It can be shown that the right moment map MR
takes this flow into a Hamiltonian system with the Hamiltonian H(MR) with respect to bracket
(39). Because Casimir functions exist in C∞(g∗), this Hamiltonian system can be restricted to
the corresponding symplectic leaf Ω, whose dimension is determined by the index of g:
dimΩ = dim g/gλ = dim g− dim gλ.
Using this fact, we can formulate the following integrability criterion, which is a special case of
a similar criterion obtained in [7] and is applicable to an arbitrary homogeneous space.
Statement 4. An arbitrary right-invariant Hamiltonian flow on a group G reduces to a dimΩ-
dimensional Hamiltonian system and in particular is integrable in quadratures if and only if
1
2
dimΩ =
1
2
(dim g− ind g) < 2. (41)
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We now return to the investigation of the integrability of right-invariant magnetic geodesic
flow (11). The assertion formulated in Statement 4 actually reduces the problem to finding an
integrability condition for arbitrary right-invariant Hamiltonian systems on the central exten-
sion G˜ of G, which in turn leads to verifying the condition
1
2
(dim g˜− ind g˜) < 2. (42)
In this connection, we try to formulate this condition in terms of the Lie algebra g itself and
the corresponding quotient cocycle F ∈ Z2(g;R).
First, it is obvious that dim g˜ = dim g + 1. Next, in the dual space g˜∗ ≃ g∗ ⊕ t∗ of the Lie
algebra g˜, we fix a covector λ⊕ǫ in the general position, where λ ∈ g∗ and ǫ ∈ t∗ . Without loss
of generality, we can assume that ǫ(e0) = 1, where e0 is a basis vector of the one-dimensional
algebra t. Using structure (15) of commutation relations in g˜, it is easy to see that the one-
dimensional center t entirely belongs to g˜λ⊕ǫ, and this annihilator as a linear space can therefore
be decomposed into the direct sum of subspaces gF ⊕ t, where
gF ≡ kerF = {X ∈ g |F(X, g) = 0}. (43)
In particular, it hence follows that dim g˜λ⊕ǫ = dim gF + 1. It is also easy to show that the
subspace gF is a subalgebra in g and that in the case where F = δλ ∈ B
2(g;R), it coincides
with the standard annihilator gλ of the covector λ.
Definition 1. Let [F] ∈ H2(g;R) be a cohomology class of some 2-cocycle F ∈ Z2(g;R). The
index of g of the cohomology class [F] (or simply the cohomology index) is the number
ind[F] g = min
F∈[F]
dim gF. (44)
This definition generalizes the notion of the standard index (ind g) of an algebra g and
coincides with it in the particular case where the 2-cocycle F is trivial, i.e., F ∈ [0]. Using this
definition and inequality (42), it is now easy to formulate the integrability criterion in terms of
the cohomology of the Lie algebra g.
Theorem 1. On a group G, an arbitrary right-invariant magnetic geodesic flow (11) given by
a 2-cocycle F ∈ Z2(g;R) is integrable in quadratures if and only if
1
2
(
dim g− ind[F] g
)
< 2. (45)
For semisimple Lie algebras, the Whitehead theorem holds, stating that H2(g;R) = 0 (see,
e.g., [6]). Any 2-cocycle F of a semisimple g is trivial, whence ind[F] g = ind g. Therefore, the
integrability property of geodesic flows for semisimple Lie groups is preserved under ”turning
on” external electromagnetic fields. Obviously, this statement remains valid in the case of an
arbitrary Lie algebra g with a zero 2-cohomology group.
We give a nontrivial example illustrating the efficiency of the proposed integrability criterion.
We consider the solvable four-dimensional Lie group G whose algebra g has the nonvanishing
commutation relations
[e1, e4] = e4, [e2, e4] = e4.
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It can be easily veried that ind g = 2, and an arbitrary right-invariant geodesic ow on G is
therefore integrable in quadratures in the absence of an electromagnetic field.
We find the most general form of the 2-cocycle for this Lie algebra. For this, we solve the
system of linear algebraic equations (13) to obtain the parametric family of solutions
F = α e1 ∧ e2 + β e1 ∧ e3 + γ e2 ∧ e3 + δf, α, β, γ ∈ R. (46)
Here, f = f4 e
4, whence δf = f4 (e
1 + e2) ∧ e4. It is easy to see that dimH2(g;R) = 3 in our
case.
We introduce local coordinates on G: g = exp(g1e1) exp(g
2e2) exp(g
3e3) exp(g
4e4). In these
coordinates, we choose the basis of right-invariant 1-forms
σ1 = −dg1, σ2 = −dg2, σ3 = −dg3, σ4 = − exp(g1 + g2) dg4.
The electromagnetic field form F corresponding to 2-cocycle (46) is given by
F = α dg1 ∧ dg2 + β dg1 ∧ dg3 + γ dg2 ∧ dg3 + f4 exp(g
1 + g2) (dg1 + dg2) ∧ dg4. (47)
We consider the central extension g˜ of g with the 2-cocycle F = α e1∧e2+β e1∧e3+γ e2∧e3
in the general position. The nonvanishing commutation relations of this algebra can be written
as
[e1, e2] = α e0, [e1, e3] = β e0, [e1, e4] = e4, [e2, e3] = γ e0, [e2, e4] = e4,
where e0 is the basis vector of the one-dimensional center t. Let g
0 be the coordinate of an
element in the center T of G. In terms of the coordinates g˜ = exp(g0e0)g, g˜ ∈ G˜, g ∈ G, a
basis of left- and right-invariant vector fields of the group G˜ can then be chosen as
ξ˜0 =
∂
∂g0
, ξ˜1 =
∂
∂g1
− g4
∂
∂g4
− (αg2 + βg3)
∂
∂g0
, ξ˜2 =
∂
∂g2
− g4
∂
∂g4
− γg3
∂
∂g0
,
ξ˜3 =
∂
∂g3
, ξ˜4 =
∂
∂g4
, η˜0 = −
∂
∂g0
, η˜1 = −
∂
∂g1
, η˜2 = −
∂
∂g2
+ αg1
∂
∂g0
,
η˜3 = −
∂
∂g3
+
(
βg1 + γg2
) ∂
∂g0
, η˜4 = − exp(−g
1 − g2)
∂
∂g4
.
We choose U = exp(−g0) as the representation of the group T in R. Using formulas (23), we
easily find that
A(g) = −αg1e2 − (βg1 + γg2) e3, A(g) = α g1 dg2 + (βg1 + γg2) dg3.
By direct calculation, it is easy to verify that F = δA and F = dA.
Similarly, using formula (28), we explicitly construct the algebra of the integrals of motion
for an arbitrary right-invariant magnetic geodesic flow for this group:
ξ
(e)
1 (g, p) = p1 − g
4p4 + e
(
αg2 + βg3
)
, ξ
(e)
2 (g, p) = p2 − g
4p4 − e
(
αg1 − γg3
)
,
ξ
(e)
3 (g, p) = p3 − e
(
βg1 + γg2
)
, ξ
(e)
4 (g, p) = p4.
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It is remarkable that for e = 0, these functions are integrals of motion of the right-invariant
geodesic flow on the Lie group in the absence of the field and constitute a subalgebra of left-
invariant functions in C∞(T ∗G) with respect to the standard Poisson bracket.
In our example, we now select the cases of integrable magnetic geodesic flows. For this,
recalling that gF = kerF, we rewrite condition (45) in a somewhat different form:
1
2
(
dim g− ind[F] g
)
=
1
2
max
F∈[F]
rankF < 2.
Because the rank of a skew-symmetric bilinear form is an even number, we have
rankF =
{
4, β 6= γ;
2, β = γ.
Therefore, the 2-cocycles admitting integrable magnetic geodesic flows have the form
F = α e1 ∧ e2 + β (e1 + e2) ∧ e3 + δf, f ∈ g∗.
The corresponding Casimir functions on g˜∗ are given by
K0 = f0, K1 = β(f1 − f2) + αf3, K2 = f
β
4 e
−f3 .
To conclude, we emphasize once again that the magnetic geodesic flows on Lie groups
considered here were of interest to us just from the standpoint of integrability in quadratures. It
is well known that the term ”integrability” is often used in a somewhat dierent sense, that of the
existence of suciently many first integrals of motion satisfying special conditions (the complete
integrability). Naturally, the two notions are related, but these two terms are nevertheless not
equivalent. We show this in a simple example. We consider a commutative Lie group whose
manifold is the two-dimensional torus T2 ≃ S1×S1. We let ϕ and ψ denote angular coordinates
on T2 parameterizing an arbitrary group element. For simplicity, we consider the at metric
ds2 = dϕ2 + dψ2 on this Lie group and choose the 2-form proportional to the volume element
as the electromagnetic field: F = e dϕ ∧ dψ. This form is closed but not exact on the entire
manifold T2, i.e., the corresponding vector potential A does not exists globally. Moreover, it
can be easily seen that the set of first integrals of motion of the magnetic geodesic flow are also
dened only locally and in the chosen coordinates have the form
ξ
(e)
1 (g, p) = pϕ − eψ, ξ
(e)
2 (g, p) = pψ + eϕ.
The magnetic geodesic flow in this example is therefore not completely integrable on the entire
manifold. But it is easily integrated in quadratures; moreover, it is integrable globally:
ϕ(t) = pϕ(0)
sin(e t)
e
+ pψ(0)
cos(e t)− 1
e
+ ϕ(0),
ψ(t) = −pϕ(0)
cos(e t)− 1
e
+ pψ(0)
sin(e t)
e
+ ψ(0),
pϕ(t) = pϕ(0) cos(e t)− pψ(0) sin(e t),
pψ(t) = pϕ(0) sin(e t) + pψ(0) cos(e t).
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Appendix
In this appendix, we give the canonical form of 2-cocycles F for all four-dimensional Lie algebras.
The canonical forms are obtained by acting with the automorphism group of the corresponding
algebras. In addition, we identify the integrable cases for each Lie algebra, i.e., the subclasses
of 2-cocycles for which ind[F] g = 2. The chosen classication of four-dimensional Lie algebras is
given in Petrovs book [8]. In what follows, we use the notation ε, σ = ±1, κ = 0,±1, α,C ∈ R.
1. Commutative algebra g0 : [eA, eB] = 0, A, B = 1, . . . , 4;
F = e1 ∧ e2 + κ e3 ∧ e4, ind[F] g = 2 κ = 0.
2. Algebra g1: [e2, e3] = e1, [e1, e4] = α, e1, [e2, e4] = e2, [e3, e4] = (α− 1) e3;
F1 = σ(e
1 ∧ e4 +
1
α
e2 ∧ e3) + κ e2 ∧ e4, α 6= 0;
F2 = κ1 e
2 ∧ e4 + κ2 e
3 ∧ e4, ind[F2] g = 2 for α = 0.
3. Algebra g2: [e1, e4] = 2 e1, [e3, e4] = e2 + e3, [e2, e3] = e1, [e2, e4] = e2;
F1 = κ(e
1 ∧ e4 +
1
2
e2 ∧ e3), F2 = κ e
2 ∧ e4, F3 = κe
3 ∧ e4.
4. Algebra g3: [e2, e4] = e3, [e3, e4] = −e2 + α e3, [e2, e3] = e1, [e1, e4] = α e1;
F1 = σ(e
1 ∧ e4 +
1
α
e2 ∧ e3), α 6= 0;
F2 = κ e
2 ∧ e4 + C e3 ∧ e4.
5. Algebra g4: [e1, e4] = e1, [e2, e3] = e2;
F = κ1 e
1 ∧ e4 + κ2 e
2 ∧ e3 + C e3 ∧ e4.
6. Algebra g5: [e2, e4] = −e1, [e1, e4] = e2, [e1, e3] = e1, [e2, e3] = e2;
F1 = σ (e
1 ∧ e4 + e2 ∧ e3) + C e3 ∧ e4;
F2 = κ (−e
1 ∧ e3 + e2 ∧ e4) + C e3 ∧ e4.
7. Algebra g6: [e1, e4] = e1;
F1 = κ1e
1 ∧ e4 + σe2 ∧ e3 + κ2e
2 ∧ e4;
F2 = κ1e
1 ∧ e4 + κ2e
2 ∧ e4 + κ3e
3 ∧ e4.
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8. Algebra g7: [e1, e4] = e4, [e2, e4] = e4;
F1 = κ1e
1 ∧ e3 + κ2(e
1 ∧ e4 + e2 ∧ e4) + κ3e
2 ∧ e3, ind[F1] g = 2 for κ2 = σ;
F2 = σe
1 ∧ e2 + κ1(e
1 ∧ e4 + e2 ∧ e4) + κ2e
2 ∧ e3, ind[F2] g = 2 for κ1 = 0;
F3 = κ1(e
1 ∧ e4 + e2 ∧ e4) + κ2e
2 ∧ e3, ind[F3] g = 2 for κ1 = 0.
9. Algebra g8: [e1, e4] = e4, [e2, e4] = e4, [e3, e4] = e4;
F1 = κ1e
1 ∧ e2 + σe1 ∧ e3 + κ2(e
1 ∧ e4 + e2 ∧ e4 + e3 ∧ e4), ind[F1] g = 2 for κ2 = σ;
F2 = κ1e
1 ∧ e2 + κ2(e
1 ∧ e4 + e2 ∧ e4 + e3 ∧ e4) + κ3e
2 ∧ e3, ind[F2] g = 2 for κ2 = κ3.
10. Algebra g9: [e1, e4] = e1 + e4;
F1 = κ1(e
1 ∧ e3 + e3 ∧ e4) + κ2e
1 ∧ e4 + σe2 ∧ e3;
F2 = κ1(e
1 ∧ e2 + e2 ∧ e4) + κ2(e
1 ∧ e3 + e3 ∧ e4) + κ3e
1 ∧ e4, ind[F2] g = 2.
11. Algebra g10: [e1, e4] = α e1 + e2, [e2, e4] = α e2, [e3, e4] = e3;
F1 = κ1e
2 ∧ e4 + κ2e
3 ∧ e4, ind[F1] g = 2;
F2 = κ1e
1 ∧ e4 + κ2e
3 ∧ e4, ind[F2] g = 2.
12. Algebra g11: [e2, e4] = α e2 + e3, [e1, e4] = α e1 + e2;
F = κe1 ∧ e4 + C1e
2 ∧ e4 + C2e
3 ∧ e4, ind[F] g = 2.
13. Algebra g12: [e2, e4] = α e2 + e3, [e3, e4] = e3, [e1, e4] = α e1 + e2;
F = κe1 ∧ e4 + C1e
2 ∧ e4 + C2e
3 ∧ e4, ind[F] g = 2.
14. Algebra g13: [e2, e4] = −e1 + α e2, [e1, e4] = α e1 + e2, [e3, e4] = ε e3;
Fa13 = κ1e
1 ∧ e4 + Ce2 ∧ e4 + k2e
3 ∧ e4, ind[F] g = 2.
15. Algebra g14: [e1, e2] = e1, [e2, e3] = e3, [e1, e3] = 2 e2;
F1 = Ce
1 ∧ e2 + κe2 ∧ e3, ind[F1] g = 2;
F2 = Ce
1 ∧ e3 + κe2 ∧ e3, ind[F2] g = 2.
16. Algebra g15: [e1, e2] = e3, [e1, e3] = −e2, [e2, e3] = e1;
F = C1e
1 ∧ e2 + C2e
1 ∧ e3 + C3e
2 ∧ e3, ind[F] g = 2.
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